Abstract. Uffe Haagerup proved that quasitraces on unital exact C * -algebras are traces. We give a short proof under the stronger hypothesis of locally finite nuclear dimension; our result generalizes to the case of lower semicontinuous extended quasitraces on nonunital C * -algebras. Uffe Haagerup a démontré qu'une quasi-trace sur une C*-algèbre exacteàélément unité est une trace. Nous donnons une courte démonstration sous l'hypothèse plus forte de dimension nucléaire localement finie; ce résultat se généralise jusqu'au cas d'une quasi-traceétendue semicontinue inférieurement sur une C*-algèbre sansélément unité.
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1 In this note, "trace" means a positive, linear functional satisfying the trace condition τ (ab) = τ (ba) and "quasitrace" is synonymous with "2-quasitrace" as defined in [1] (in particular, a quasitrace is finite everywhere). We use the term "extended trace" (or "extended quasitrace", respectively) when the value +∞ is allowed on the positve cone.
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In fact, the first published proof. In [4] , it is shown that every state on K0(A) arises from a tracial state, when A is unital and exact. In [5] it is shown that every simple, stably projectionless, exact C * -algebra has a densely defined trace. And [2] shows that every quasitrace on a non-unital exact C * -algebra is a trace, via reduction to Haagerup's unpublished paper [3] . None of this published work covers our result.
Proof. By Lemma 3, it suffices to show the existence of a trace τ ′ on A such that τ ≤ τ ′ .
According to [9, Proposition 3.2] we can find nets of completely positive maps
is contractive with order zero for all i, λ; ψ λ ≤ 1 for all λ; and the induced map
Since each ϕ
λ is a trace on F 
by taking the limit of the τ • ϕ
be the induced order-zero map, the composition (τ • ϕ
The final fact we need is "2-subadditivity" of quasitraces, i.e., the fact that τ (x + y) ≤ 2(τ (x) + τ (y)) for all x, y ∈ A + (see [1, Corollary II.2.5] ). An induction argument shows the (far from sharp) inequality τ ( n 0 x i ) ≤ 2 n n 0 τ (x i ) for positive x i , so the following completes the proof:
Since quasitraces are norm-continuous [1, Corollary II.2.5], the following generalization is easily deduced.
Corollary 5. If A has locally finite nuclear dimension (i.e., every finite set is nearly contained in a subalgebra that has finite nuclear dimension), then every quasitrace on A is a trace.
We are indebted to George Elliott for drawing our attention to the question whether the preceding results generalize to extended quasitraces. The answer is affirmative in the lower semicontinuous case.
Theorem 6. If A has locally finite nuclear dimension, then every lower semicontinuous extended quasitrace τ on A is an extended trace.
Proof. Let us first assume that A has finite nuclear dimension.
It will suffice to show that τ (a + b) = τ (a) + τ (b) for all a, b ∈ A + for which τ (a) and τ (b) are both finite.
Observe that a + b is Cuntz subequivalent to a ⊕ b in the sense of [1] . By [7, Proposition 2.4] , for any ǫ > 0 there are δ > 0 and
By [1] this implies that
where d τ denotes the lower semicontinuous dimension function associated with τ . Again by [1] for any positive contraction c ∈ B ǫ := ((a 
Next, suppose A has only locally finite nuclear dimension, and let a, b ∈ A be positive contractions. Suppose first that τ (a), τ (b), d τ (a), d τ (b) are all finite, say bounded by some K ≥ 1.
Let η > 0 and choose 0 < ǫ < η/8K such that
this is possible by lower semicontinuity of τ . Since A has locally finite nuclear dimension, there are a C * -subalgebra B ⊂ A with finite nuclear dimension and positive contractions a ′ , b ′ ∈ B such that 
